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A NOTE ON QUADRATIC TWISTING OF EPSILON FACTORS FOR MODULAR
FORMS WITH ARBITRARY NEBENTYPUS
DEBARGHA BANERJEE AND TATHAGATA MANDAL
Abstract. In this article, we investigate the variance of local ε-factor for a modular form with arbitrary
nebentypus with respect to twisting by a quadratic character. We detect the type of the supercuspidal
representation from that. For modular forms with trivial nebentypus, similar results are proved by
Pacetti [16]. Our method however is completely different from that of Pacetti and we use representation
theory crucially. For ramified principal series (with p ‖ N and p odd) and unramified supercuspidal
representations of level zero, we relate these numbers with the Morita’s p-adic Gamma function.
1. Introduction
Pacetti [16] studied the variance of local root numbers in the context of twisting by a quadratic
character for modular forms with trivial nebentypus and determined the type of local automorphic
representations at p as an application. In this article, we explore the same and investigate what properties
of modular forms with arbitrary nebentypus are encoded therein. In particular, we determine the type of
the local component πf,p (for each prime p | N) of the automorphic representation πf attached to f from
that [cf. Corollary 5.8]. We also give a criteria for a modular form to be p-minimal [cf. Definition 2.6] in
terms of the parity of Np (the exact power of p that divides N) [cf. Proposition 5.4 and Proposition 5.10]
The ramification formulae of the endomorphism algebras of motives attached to non-CM Hecke eigen-
forms for all supercuspidal primes are given in [2]. The statement of the main theorem in the above
mentioned article depends on the nature of the supercuspidal primes [cf. §2.2] . We endeavor to deter-
mine the same that appear as local components of elliptic Hecke eigenforms by analyzing the variance
of the local factors by twisting. In another direction, Pacetti and his co-authors found applications of
the computation in the context of Heegner/ Darmon points [12]. Our results will be useful in a similar
context for modular forms with arbitrary nebentypus. Following [15], we will be mostly interested in
the case when πf,p is supercuspidal.
The local ε-factors depend on additive characters chosen [cf. Section 2]. Pacetti used an additive
character of conductor zero. In this present paper, we choose an additive character of conductor −1 for
non-supercuspidal representations and of conductor zero or any for supercuspidal representations. Note
that the global ε-factor which is a product of all local ε-factors does not depend on additive characters
[20, Section 3.5].
We classify the quadratic extensions K of Qp in the dihedral [cf. §2.2] supercuspidal primes in terms
of the variation of global ε-factor with respect to twisting by a quadratic character [cf. Corollary 5.8 and
Corollary 5.11]. Our method is completely different from that of Pacetti as we relied on a theorem due
to Deligne [cf. Theorem 2.5]. The above mentioned theorem is not applicable for unramified dihedral
supercuspidal prime p with a(χ) = 1 [cf. Section 3]. In this situation and principal series representation
with p ‖ N and p odd, we relate the variance of the local ε-factor with Morita’s p-adic Gamma function
[cf. §2.3].
Using the local inverse theorem [6, Section 27], it is possible to determine the case where πf,p is
supercuspidal by the variation of the local ε-factors by twisting with respect to a certain set of characters
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and it is less convenient from computational perspective [15]. We manage to do the same by a suitable
quadratic twist. We give a complete classification if the corresponding local Weil-Deligne representations
are non-dihedral for p = 2.
1.1. Acknowledgements. The first named author was partially supported by the SERB grant YSS/2015/
001491 and the second named author was supported by the IISER Pune Ph.D fellowship.
2. Preliminaries
2.1. Notation. For a non-archimedian local field F of characteristic zero, let OF denote the ring of
integers in F , pF the maximal ideal in OF and kF = OF /pF the residue field of F . The m-th principal
units of F is denoted by UmF = 1 + p
m
F . Let vF be a valuation on F . For the local field Qp, we will
denote them by Zp, pp, kp, U
m
p and vp respectively. The norm and trace maps from F to Qp are denoted
respectively by NF |Qp and TrF |Qp . We denote the set of multiplicative (respectively additive) characters
of F by F̂× (respectively F̂ ).
For any quadratic extension K|F and x ∈ F×, the symbol (x,K|F ) = 1 or −1 according as x is a
norm of an element of K or not.
Definition 2.1. The level l(χ) of a non-trivial quasi-character χ of F× is the smallest positive integer
m ≥ 0 such that χ(Um+1F ) = 1. We say the conductor of χ is m+ 1 and it is denoted by a(χ).
A character χ is called unramified if the conductor is zero, tamely ramified if it has conductor 1
and wildly ramified if its conductor is greater or equal to 2. For χ1, χ2 ∈ F̂×, we have a(χ1χ2) ≤
max(a(χ1), a(χ2)). The equality holds if a(χ1) 6= a(χ2). For a non-trivial additive character φ of F , the
conductor n(φ) is the smallest integer such that φ is trivial on p
−n(φ)
F .
Let Fq denote a finite field of order q = p
r. The classical Gauss sum G(χ, φ) associated to a multi-
plicative character χ of F×q and an additive character φ of Fq is defined by
G(χ, φ) =
∑
x∈F×q
χ(x)φ(x).
We will denote it by Gr(χ) as the additive character φ is fixed. For χ ∈ F̂×q and φ ∈ F̂q, let χ′ = χ◦NFq|Fp
and φ′ = φ ◦TrFq|Fp denote their lifts to Fq. Then by the Davenport-Hasse theorem [3, Theorem 11.5.2],
we have G(χ′, φ′) = (−1)r−1G(χ, φ)r . In our notation, we simply write it as Gr(χ′) = (−1)r−1G1(χ)r.
2.2. Dihedral and non-dihedral supercuspidal representations. As mentioned in the introduc-
tion, the main technical novelty of this paper are in the case when πf,p is supercuspidal. Let ρp(f) :
W (Qp)→ GL2(C) be the local representation of the Weil-Deligne group W (Qp) associated to πf,p.
Definition 2.2. In the supercuspidal case, we call a prime p to be dihedral for the modular form f if
the representation is induced by a character χ of an index two subgroup W (K) of W (Qp).
Depending onK unramified (or ramified), we say p is an unramified (or ramified) supercuspidal prime
for f .
If p = 2, there are supercuspidal representations that are not induced by a character; we call it
non-dihedral supercuspidal representations.
2.3. p-adic Gamma function. For an odd prime p and z ∈ Zp, define the p-adic gamma function [18,
Chapter 7] to be
Γp(z) = lim
n→z
(−1)n
∏
0<j<n,(p,j)=1
j,
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where n tends to z p-adically through positive integers. Let χ be a multiplicative character of Fp of
order k. Using the Gross-Koblitz formula, we deduce that [24, Corollary 3.1]:
G1(χ
r) = (−p)r/kΓp
( r
k
)
.(2.1)
For a given non-trivial additive character φ of F and a Haar measure dx on F , the L-function
corresponding to a quasi-character χ of F× satisfies a functional equation. This defines a number
ε(χ, φ, dx) ∈ C× [20, Section 3].
2.4. Local ε-factors. The local ε-factor associated to a non-trivial character χ of F× and a non-trivial
character φ of F is defined as follows [13, p. 5]:
ε(χ, φ, c) = χ(c)
∫
UF
χ−1(x)φ(xc )dx
| ∫UF χ−1(x)φ(xc )dx| ,
where c ∈ F× has valuation a(χ) +n(φ). Here, we consider the normalized Haar measure dx on F . The
above formula can be simplified as [21, p. 94]:
ε(χ, φ, c) = q−
a(χ)
2
∑
x∈
UF
U
a(χ)
F
χ−1(
x
c
)φ(
x
c
) = q−
a(χ)
2 χ(c)τ(χ, φ),(2.2)
where τ(χ, φ) =
∑
x∈
UF
U
a(χ)
F
χ−1(x)φ(xc ). This is called the local Gauss sum associated to the characters
χ and φ. It is independent of the coset representatives x chosen. The element c in the formula (2.2)
is determined by its valuation up to a unit u. It can be shown that ε(χ, φ, c) = ε(χ, φ, cu). Thus, for
simplicity we write ε(χ, φ, c) = ε(χ, φ).
If χ is unramified, then the valuation vF (c) = n(φ) and thus we have ε(χ, φ, c) = χ(c). When a(χ) = 1,
the local Gauss sum turns out to be the classical Gauss sum. Since χ is tamely ramified, χ˜ := χ−1|O×
F
can
be considered as a character of O×F /U1F ∼= k×F . If we take an additive character φ of F with n(φ) = −1,
then we can choose c = 1. In this settings, the local Gauss sum coincides with the well-known classical
Gauss sum.
We now list some basic properties of local ε-factors which can be found in [20].
(1) ε(χ, φa) = χ(a)|a|−1F ε(χ, φ), where a ∈ F× and φa(x) = φ(ax). Here, | |F denote the absolute
value of F .
(2) ε(χθ, φ) = θ(πF )
a(χ)+n(φ)ε(χ, φ), where θ is an unramified character of F×. The element πF is
a uniformizer of F .
(3) ε
(
Ind
W (Qp)
W (F ) ρ, φ
)
= ε
(
ρ, φ ◦ TrF |Qp
)
, where ρ denote a virtual zero dimensional representation of
a finite extension F |Qp.
The local ε-factor ε(χ, φ) depends on the additive character φ chosen which follows from the property
(1) above.
Let χ denote the quadratic character attached to the quadratic extension of Q ramified only at p. For
odd primes p, Q has two quadratic extensions ramified only at p, namely Q(
√
p) and Q(
√−p). For p = 2,
there are three quadratic extensions ramified only at 2, namely Q(i),Q(
√
2) and Q(
√−2). By class field
theory, the character χ can be identified with a character of the ide`le group, that is, characters {χq}q
with χq : Q
×
q → C× satisfying the following conditions:
(1) For distinct primes q 6= p, the character χq is unramified and χq(q) =
(
q
p
)
.
(2) χp is ramified with conductor p and the restriction χ|Z×p factors through the unique quadratic
character of F×p with χp(p) = 1.
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By definition, we say that χp is tamely ramified. In this article, we study the changes of the local factors
associated to f while twisting by χ. Let εp denote the variation of the local factor of f at p while twisting
by χp. On both sides, we choose the same additive character and Haar measure.
Lemma 2.3. Let χp be the quadratic character of Q
×
p as above. Then for an additive character φ of Qp
of conductor −1, we have
ε(χp, φ) =
{
1, if p ≡ 1 (mod 4),
i, if p ≡ 3 (mod 4).
For p = 2, we have ε(χ2, φ) = 2
−1/2.
Proof. Since χp is tamely ramified, χ˜p := χ
−1
p |Z×p becomes a character of F×p . Let φp, φ˜p denote the
canonical additive character of Qp,Fp respectively. Note that φ can be written as a ·φp, for some a ∈ Q×p
[6, §1.7 Proposition, p. 11]. We will find out a proper element a such that φ|Zp = a · φp|Zp induces the
canonical additive character of Fp. [5, Lemma 3.1] ensures us that 1/p can be taken as a value of a. By
the property (1) of local ε-factors, we have
ε(χp, φ) = ε(χp,
1
p
φp) = χp(
1
p
)ε(χp, φp)
(2.2)
= p−1/2τ(χp, φp).
Now τ(χp, φp) turns out to be the classical Gauss sum G(χ˜p, φ˜p). Using [14, Theorem 5.15], we have
G(χ˜p, φ˜p) =
{
p1/2, if p ≡ 1 (mod 4),
ip1/2, if p ≡ 3 (mod 4),
where i is a fourth primitive root of unity. Combining all above, we obtain the required result for odd
primes. For p = 2, the Gauss sum G(χ˜2, φ˜2) = 1. Therefore, we get that ε(χ2, φ) = 2
−1/2. 
For an additive character φ of Qp, the induced character on F is denoted by φF = φ ◦TrF |Qp . For all
c ∈ F , consider the additive character φF,c(x) = φF (cx).
Lemma 2.4. Let χ ∈ F̂× and φF ∈ F̂ be two non-trivial characters. Let r ∈ N be such that 2r ≥ a(χ).
Then there is an element c ∈ F× with valuation −(a(χ) + n(φF )) such that
(2.3) χ(1 + x) = φF (cx) ∀ x ∈ prF .
Proof. Since 2r ≥ a(χ), the character χ satisfy the relation: χ(1 + x)χ(1 + y) = χ(1 + x + y), for all
x, y ∈ prF . This is same to having that the map x 7→ χ(1 + x) is an additive character on prF which can
be extended to F .
By the property of local additive duality [6, §1.7 Proposition, p. 11], the set {φF,c : c ∈ F} is the
group of all characters of F . Hence, there exists an element c ∈ F× such that
χ(1 + x) = φF (cx) ∀ x ∈ prF .
Using the same proposition, the conductor of the character φF,c is −(n(φF )+ vF (c)). From the equality
of the conductors of both sides, we get the desired valuation of c. 
We now recall a fundamental result of Deligne about the behavior of local factors while twisting.
Theorem 2.5. [9, Lemma 4.1.6] Let α and β be two quasi-characters of F× such that a(α) ≥ 2a(β). If
α(1 + x) = φF (cx) for x ∈ prF with 2r ≥ a(α) (if a(α) = 0, then c = π−n(φF )F ), then
ε(αβ, φF ) = β
−1(c)ε(α, φF ).
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Note that the valuation of c is −(a(α) + n(φF )) in the above theorem.
We write the level N of the newform f as pNpN ′, with p ∤ N ′ and the nebentypus ǫ = ǫp · ǫ′ as a
product of characters of (Z/pNpZ)× and (Z/N ′Z)× of conductors pCp for some Cp ≤ Np and C′ dividing
N ′ respectively.
Definition 2.6. [1, p. 236] We say f is p-minimal, if the p-part of its level is the smallest among all
twists f ⊗ χ of f by Dirichlet characters χ.
3. Statement of results
We denote the group GL2(Qp) by G. Let µ1, µ2 be two quasi-characters of Q
×
p and V (µ1, µ2) be the
space of locally constant functions ψ : G→ C with the following property:
ψ
( [
a ∗
0 d
]
g
)
= µ1(a)µ2(d)|a/d|1/2ψ(g),
for all a, d ∈ Q×p and g ∈ G. The induced representation of G by its action on V (µ1, µ2) through right
translation is denoted by ρ(µ1, µ2).
One knows that ρ(µ1, µ2) is irreducible except when µ1µ
−1
2 = | |±1. In this case, the representation
ρ(µ1, µ2) is called a principal series representation, denoted by π := π(µ1, µ2).
The induced representation ρ(µ1, µ2) is not irreducible if and only if µ1µ
−1
2 = | |±1. The unique
irreducible sub-representation of ρ(| |1/2, | |−1/2) is the Steinberg representation, denoted by St. More
generally, we may assume that
µ1 = µ| |1/2, µ2 = µ| |−1/2,(3.1)
for some character µ ofQ×p . In this case ρ(µ| |1/2, µ| |−1/2) contains a unique irreducible sub-representation
which is the twist µ · St of the Steinberg representation. This representation µ · St is called a special rep-
resentation, again denoted by π := π(µ1, µ2). The resulting factor is the one dimensional representation
µ ◦ det of G.
The local ε-factor of a special representation π is given by εT (π, s, φ) = εT (µ1, s, φ)εT (µ2, s, φ)E(µ1, µ2, s)
[11, Table, p. 113] with
E(µ1, µ2, s) =
{
1, if µ1 is ramified,
−µ2(p)p−s, otherwise.
(3.2)
For a ramified character µ of Qp of level n ≥ 0, s ∈ C and an additive character φ of F with n(φ) = −1,
the local rational function εT (µ, s, φ) ∈ C(p−s) is defined by [6, Equ. 23.6.2]
εT (µ, s, φ) = p
n( 12−s)µ(c)τ(µ, φ)/p(n+1)/2.
This function is called the Tate local constant of µ associated to φ. The local epsilon factors and Tate
local constants are related by the following relation: εT (µ,
1
2 , φ) = ε(µ, φ).
Let ωp be the p-part of the central character of πf , ap(f) be the p-th Fourier coefficient of f and µ1 be
an unramified character with µ1(p) = ap(f)/p
(k−1)/2. We also consider a character µ2 with µ1µ2 = ωp.
In the ramified principal series case, ωp has conductor p
Np with Np ≥ 1. When f is a p-minimal form
with πf,p is a ramified principal series representation, we have πf,p ∼= π(µ1, µ2) [15, prop. 2.8]. In this
case, choose an additive character φ of conductor −1 satisfying
ωp(1 + x) = φ(cx) ∀ x ∈ prp,(3.3)
with 2r ≥ a(ωp).
If Np = 1, let m be the order of ω˜p := ω
−1
p |×Zp . Consider the quantity that depends on p and m:
cp =
{
(−p)−1/2m{Γp( 12m )/Γp( 1m )}, if p odd with Np = 1 and m even,
1, otherwise.
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With the choice of an additive character as in equation 3.3, we prove the following theorem:
Theorem 3.1. Let πf,p be a ramified principal series representation. Choose an additive character φ as
above. For odd primes p, the number
εp =
{
p
1−k
2 ap(f)cp, if p ≡ 1 (mod 4),
ip
1−k
2 ap(f)cp, if p ≡ 3 (mod 4).
For p = 2, we have ε2 = 2
− k2 a2(f).
We now consider the case where πf,p is a special representation. If f is a p-primitive newform, then
by [15, prop. 2.8], πf,p ∼= µ · St, where µ is unramified and µ(p) = ap(f)/p(k−2)/2. Hence, for j = 1, 2,
the character µj in (3.1) is unramified. With an additive character φ of conductor −1, our result in this
case is as follows:
Theorem 3.2. If πf,p is a special representation, then the number εp is
εp =
{
−p 3−k2 ap(f), if p ≡ 1 (mod 4),
p
3−k
2 ap(f), if p ≡ 3 (mod 4).
For p = 2, we have ε2 = −2 1−k2 a2(f).
Every irreducible admissible representation of G that is not a sub-representation of some ρ(µ1, µ2) is
called a supercuspidal representation. Note that supercuspidal cases are the most interesting cases in
the computation of the local data of a modular form [15, Section 2]. The following is the main result
proved in this case:
Theorem 3.3. Let p be a dihedral supercuspidal prime for f .
(1) Let K|Qp be unramified. For an additive character φ of Qp as in (2.3) with a(χ) > 1, we have
εp = 1.
(2) Assume that p is odd with K|Qp is ramified. We have
• εp = 1 if the conductor of χ is odd.
• In the case of a(χ) even, the number
(3.4) εp =
{
1, if (p,K|Qp) = 1,(
−1
p
)
, if (p,K|Qp) = −1.
(3) When p = 2 with K|Q2 ramified, we have
(3.5)
ε2 =

1, if K = Q2(
√−1),Q2(
√
2),Q2(
√−2),
−1, if K = Q2(
√
3) with χ not minimal or if K = Q2(
√
6),Q2(
√−6) with χ minimal,
1, if K = Q2(
√
3) with χ minimal or if K = Q2(
√
6),Q2(
√−6) with χ not minimal.
The condition a(χ) odd or even is determined by Proposition 5.4. For the definition of minimality of
χ, see § 5. In the unramified case, the above theorem is not valid for a(χ) = 1. In that case, χ˜ := χ−1|O×
K
can be considered as a character of O×K/U1K ∼= F×p2 and the associated local Gauss sum turns out to be
the classical Gauss sum. Here, we take an additive character φ of K which induces the canonical additive
character φ˜ of Fp2 .
Theorem 3.4. Let p be an odd unramified supercuspidal prime with a(χ) = 1.
(1) If the order of χ˜ is even, then εp = 1.
(2) Assume the order m of χ˜ is odd that divides p− 1. Write p = bm+ 1 for some b ∈ N. Then
εp = p
−1/m
{
Γp
( 1
2m
)
/Γp
( 1
m
)}2
.(3.6)
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Theorem 3.5. If p is an odd unramified supercuspidal prime with a(χ) = 1 and the order m of χ˜ divides
p+ 1, then
εp =

−1, if m odd and p ≡ 1 (mod 4),
1, if m even and p ≡ 1 (mod 4),
1, if m even and p ≡ 3 (mod 4) with p+1m odd.
(3.7)
For p = 2, we have ε2 = 1.
4. Non-supercuspidal representations
Proof of Theorem 3.1. By [11, Table, p. 113], the local factor associated to f is ε(µ1, φ)ε(µ2, φ)
and the local ε-factor corresponding to f ⊗ χp is ε(µ1χp, φ)ε(µ2χp, φ). Since µ1 is unramified, the local
ε-factors are computed as follows:
(1) ε(µ1, φ) = µ1(c) = µ1(
1
p ) =
1
µ1(p)
.
(2) ε(µ2, φ) = ε(µ
−1
1 ωp, φ) = µ
−1
1 (p)
a(ωp)−1ε(ωp, φ), by property (2) of local ε-factors.
(3) ε(µ1χp, φ) = µ1(p)
a(χp)−1ε(χp, φ) = ε(χp, φ) [Again, by property (2) of local ε-factors and since
the conductor of χp is 1].
(4) For Np > 1, note that a(ωp) ≥ 2a(χp). In this case, we compute that
ε(µ2χp, φ) = ε(µ
−1
1 ωpχp, φ)
= µ−11 (p)
a(ωp)−1ε(ωpχp, φ) (by property (2) of local ε− factors)
Theorem (2.5)
= µ−11 (p)
a(ωp)−1χ−1p (c)ε(ωp, φ)
= µ−11 (p)
a(ωp)−1ε(ωp, φ) (since χp(c) = 1).
Thus, we deduce that ε(µ2, φ) = ε(µ2χp, φ).
Now assume that Np = 1. Both ω˜p := ω
−1
p |×Zp and χ˜p can be thought of as a character of F×p .
Notice that F̂×p is cyclic, say F̂
×
p = 〈χ1〉.
If ω˜p has even order, then both ω˜p and ω˜pχ˜p have same order. Hence, we can write ω˜p =
ω˜pχ˜p = χ
a
1 for some a. As a result, we obtain ε(ωp, φ) = ε(ωpχp, φ).
If ω˜p has odd order m, then ω˜pχ˜p has order 2m. Write p = bm+ 1 for some b ∈ N. Thus, we
have ω˜p = χ
b
1 and ω˜pχ˜p = χ
b
2
1 . By the formula (2.1), we obtain G1(χ
b
1) = (−p)
b
p−1Γp
(
b
p−1
)
=
(−p) 1mΓp
(
1
m
)
and G1(χ
b
2
1 ) = (−p)
1
2mΓp
(
1
2m
)
. Therefore, we deduce that ε(ωpχp, φ) = ε(ωp, φ) ·
(−p)−1/2m{Γp( 12m )/Γp( 1m )}. For p = 2, we have ε(ωpχp, φ) = ε(ωp, φ).
From above, we compute that
εp =
ε(µ1χp, φ)ε(µ2χp, φ)
ε(µ1, φ)ε(µ2, φ)
= cp · ε(µ1χp, φ)
ε(µ1, φ)
= cp · µ1(p)ε(χp, φ).
Using Lemma 2.3, we get the required result.
Proof of Theorem 3.2. Note that both µ1, µ2 are unramified characters. Thus, we have that ε(µj , φ) =
µj(c) = µj(
1
p ) = 1/µj(p), for all j = 1, 2. Also, for j = 1, 2, we have ε(µjχp, φ) = µj(p)
a(χp)−1ε(χp, φ) =
ε(χp, φ) as a(χp) = 1. By Lemma 2.3, we have
ε(µjχp, φ) =
{
1, if p ≡ 1 (mod 4),
i, if p ≡ 3 (mod 4),
for all j = 1, 2. Since the number εp is
εp =
ε(µ1χp, φ)ε(µ2χp, φ)E(µ1χp, µ2χp,
1
2 )
ε(µ1, φ)ε(µ2, φ)E(µ1, µ2,
1
2 )
,
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using the relation (3.2), we get the result.
5. Supercuspidal representations
By local Langlands correspondence the representations πf,p are in a bijection with (isomorphism
classes of) complex two dimensional Frobenius-semisimple Weil-Deligne representations ρp(f) associated
to a modular form f at p. For more details of Weil-Deligne representations, we refer to [8, Section 3].
We will be using the information about ρp(f) in this case.
5.1. The case p odd. Let ρp(f) denote the local representation of the Weil-Deligne group W (Qp)
attached to f at a prime p. In the supercuspidal case,
ρp(f) = Ind
W (Qp)
W (K) χ
with K a quadratic extension of Qp and χ a quasi-character of W (K)
ab which does not factor through
the norm map with a quasi-character of W (Qp)
ab. We can consider χ as a character of K× via the
isomorphism W (K)ab ≃ K× and say that (K,χ) is an admissible pair attached to f at p. It satisfies
the following conditions:
(1) χ does not factor through the norm map NK|Qp : K
× → Q×p and
(2) if K|Qp is ramified, then the restriction χ|U1
K
does not factor through NK|Qp .
The pair (K,χ) is said to be minimal if χ|
U
l(χ)
K
does not factor through the norm map NK|Qp . If χ is
minimal over Qp, then we have a(χ) ≤ a(θKχ) for all characters θ of Q×p . The induced character on K
is denoted by θK = θ ◦ NK|Qp . Clearly, f is p-minimal if and only if its associated admissible pair is
minimal. For more details of an admissible pair, we refer to [6, Section 18].
By the properties of local ε-factors, recall the formula for the conductor of the supercuspidal repre-
sentations [19, Theorem 2.3.2]:
a(Ind
W (Qp)
W (K) χ) = vp(δ(K|Qp)) + f(K|Qp)a(χ).(5.1)
Here, the normalized valuation of Q×p is denoted by vp and δ(K|Qp), f(K|Qp) denote the discriminant
and the residual degree of K|Qp respectively. The above formula is same as the formula for the Artin
conductor of a 2-dimensional induced representation of Gal(Qp|Qp) [7, Proposition 4(b), p. 158].
Definition 5.1. [6, §13.4 Definition] An element α ∈ K× with vK(α) = −n is said to be minimal over
Qp if one of the following holds:
(1) K|Qp is ramified and n is odd;
(2) K|Qp is unramified and the field extension kK |kp is generated by the coset pnα+ pK .
Lemma 5.2. [6, §18.2 Proposition] Let K|Qp be a tamely ramified quadratic extension with l(χ) = m ≥
1. If α ∈ p−mK be such that χ(1 + x) = φK(αx) for x ∈ pmK , then (K,χ) is a minimal admissible pair if
and only if α is minimal over Qp.
Applying the above lemma when K|Qp is ramified quadratic, we see that if (K,χ) is a minimal
admissible pair, then m is odd and so a(χ) = l(χ) + 1 is even [15, Theorem 3.3].
Lemma 5.3. [22, Lemma 1.8] Let E|K be a quadratic separable extension with residue degree f . If η is
a quasi-character of K×, then fa(η ◦NE|K) = a(η) + a(ηωE|K)− a(ωE|K). If ψ is a non-trivial additive
character of K, then n(ψ ◦ TrE|K) = (2/f)n(ψ) + d(E|K). Here, ωE|K denote the non-trivial character
of K× with kernel equal to the group of norms from E× to K×.
We can find the valuation of the level of the modular form with arbitrary nebentypus from the
following proposition (see also [16, Corollary 3.1] for Γ0(N)). The local factor in the ramified case can
be computed from that.
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Proposition 5.4. The pair (K,χ) can be characterized in terms of Np.
(1) If K|Qp is unramified, then Np is even and χ is ramified.
(2) Assume that K|Qp is ramified. We have Np is odd if (K,χ) is minimal; otherwise it is even.
Proof. Using the relation (5.1), we get that
Np =
{
2a(χ), if K|Qp is unramified,
1 + a(χ), if K|Qp is ramified.
(5.2)
When K|Qp is unramified, we have Np is even from above. If χ is unramified, then it would factor
through the norm map. Hence, the character χ is ramified.
In the ramified case, if (K,χ) is a minimal admissible pair, then the result follows from paragraph
after Lemma 5.2.
We now prove that Np is even if (K,χ) is not minimal. Consider a non-minimal pair (K,χ). We can
write χ = χ′θK [6, Section 18.2] for a character θ of Q
×
p and a minimal admissible pair (K,χ
′). Since
χ′ is minimal over Qp, we have a(χ
′) ≤ a(χ′θK) = a(χ) and l(χ′) is odd. As a result, we obtain that
a(χ′) ≥ 2 is even.
If a(θ) = 0, then we have a(θK) = 0 by Lemma 5.3. Thus, we get that a(χ) = a(χ
′θK) = a(χ
′)
and hence χ|
U
l(χ)
K
= (χ′θK)|Ul(χ)
K
= χ′|
U
l(χ′)
K
does not factor through the norm map, contradicts the
non-minimality of χ. Therefore, a(θ) ≥ 1 so that a(θωK|Qp) = a(θ) [22, Proof of Proposition 2.6].
By Lemma 5.3 and a(ωK|Qp) = 1 [6, Proposition-Definition (1), p. 217], we deduce that a(θK) =
a(θ) + a(θωK|Qp)− a(ωK|Qp) = 2a(θ)− 1 .
Now, we claim that a(θK) > a(χ
′). If not, then we have a(θK) < a(χ
′) (since the equality is not
possible as a(χ′) is even and a(θK) is odd). Hence, both χ = χ
′θK and χ
′ have same conductor, which
contradicts the fact that (K,χ) is not minimal. Thus, we have proved that a(χ) = a(χ′θK) = a(θK) is
odd. Hence, we deduce that Np is even. 
The above proposition gives the criteria for the associated admissible pair to be minimal in the
ramified case.
Remark 5.5. In the case where K|Qp is ramified quadratic, a(χ) = 1 is not possible by the part (2) of
the definition of an admissible pair. Thus, Np = 2 does not occur.
Note that (Ind
W (Qp)
W (K) χ)χp = Ind
W (Qp)
W (K) (χχ
′
p) with χ
′
p = χp ◦NK|Qp . Thus, by the property (3) of local
ε-factors, we only need to treat the one dimensional cases. We now consider two cases depending on K
unramified or ramified.
5.1.1. The case K|Qp unramified. Since χ|Zp = ǫ−1p [4, Equ. 4] and ǫp is a trivial character when Cp = 0,
we get the following corollary [16, part (3) of Theorem 3.2]:
Corollary 5.6. Assume that Cp = 0. If p is an unramified supercuspidal prime, then εp = −
(
−1
p
)
.
Since K|Qp is unramified quadratic, we can take π = p as a uniformizer of K which we fix now. We
now prove Theorem 3.3 in the unramified case.
Proof. We apply Theorem 2.5 with α = χ and β = χ′p and get the number εp = χ
′
p(p)
−1 = 1. 
Note that the above theorem does not work when a(χ) = 1. We give a different proof of the theorem
above when a = a(χ) = 2 in the unramified case.
Proof. Choose an additive character φ of Qp of conductor zero. Using Lemma 5.3, we get n(φK) = 0.
Assume that χ(1 + x) = φK(cx), for all x ∈ pK . Every element x ∈ O×K/1 + p2K has the form b0 + b1p
10 DEBARGHA BANERJEE AND TATHAGATA MANDAL
with b0 6= 0 and bi ∈ Fp2 ∀ i. Now
τ(χ, φK) =
∑
x∈O×
K
/1+p2
K
χ−1(x)φK(
x
p2
)
=
∑
bi
χ−1
(
b0 + b1p
)
φK
( b0
p2
+
b1
p
)
=
∑
b0∈F
×
p2
χ−1(b0)
∑
b1∈Fp2
χ−1
(
1 +
b1
b0
p
)
φK
( b0
p2
+
b1
p
)
.
With the choice of the additive character, we obtain that
τ(χ, φK) =
∑
b0∈F
×
p2
χ−1(b0)
∑
b1∈Fp2
φK
(− b1
b0
1
p
)
φK
( b0
p2
+
b1
p
)
=
∑
b0∈F
×
p2
χ−1(b0)φK
( b0
p2
) ∑
b1∈Fp2
φK
((
1− 1
b0
)b1
p
)
Since the sum of a non-trivial character over a group vanishes, the inner sum is zero unless b0 = 1. As a
result, we obtain that τ(χ, φK) = p
2φK
(
1
p2
)
. Since K|Qp is unramified, a(χ′p) = 1 by Lemma 5.3. Thus,
in a similar way we get that τ(χχ′p, φK) = p
2φK
(
1
p2
)
, completing the proof. 
The case a(χ) = 1. Let χ be a tamely ramified character. We now prove Theorem 3.4.
Proof. (1) We know that, as a group F̂×p2 ≃ F×p2 . Thus, F̂×p2 is cyclic, say F̂×p2 = 〈χ2〉. Since χ˜ has
even order, both χ˜ and χ˜χ˜′p have same order. Hence, we can write χ˜ = χ˜χ˜
′
p = χ
a
2 for some
a ∈ {1, · · · , p2 − 1}. Thus, we get εp = 1.
(2) Since o(χ˜) | (p − 1), the character χ˜ can be thought of as a lift of some character χ˜∗ on Fp
and χ˜, χ˜∗ both have same order [3, Theorem 11.4.4]. Using the Davenport-Hasse theorem [cf.
Section 2], we have
G2
(
χ˜χ˜′p
)
G2(χ˜)
=
G1
(
χ˜∗(χ˜′p)
∗
)2
G1(χ˜∗)2
.(5.3)
Suppose that F̂×p = 〈χ1〉, the group of multiplicative characters of Fp. Note that χ˜∗ has
odd order m and χ˜∗(χ˜′p)
∗ has order 2m. We have χ˜∗ = χb1 and χ˜
∗(χ˜′p)
∗ = χ
b
2
1 for some
b. Using the formula (2.1), we get that G1(χ
b
1) = (−p)
b
p−1Γp
(
b
p−1
)
= (−p) 1mΓp
(
1
m
)
and
G1(χ
b
2
1 ) = (−p)
1
2mΓp
(
1
2m
)
. Hence, the desired result is obtained by equation (5.3).

Corollary 5.7. The quantity in (3.6) that determines εp in the above theorem can be simplified as{ (x0 − 1)![
x0−1
p
]
!
×
[
2x0−1
p
]
!
(2x0 − 1)!
}2
(mod p),
where x0 is a solution of 2mx ≡ 1 (mod p).
Proof. Consider the following two congruence equations:
2mx ≡ 1 (mod p) and(5.4)
my ≡ 1 (mod p).(5.5)
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Both the congruence equations have an integer solution. Note that 2x0 is a solution of (5.5). By the
property of p-adic gamma function, we have
Γp
( 1
2m
) ≡ Γp(x0) (mod p) and Γp( 1
m
) ≡ Γp(2x0) (mod p).
Using the values of p-adic gamma function at integer points [18, Chapter 7, §1.2], we obtain:{
Γp
( 1
2m
)
/Γp
( 1
m
)}2 ≡ {Γp(x0)/Γp(2x0)}2 (mod p)
≡
{ (−1)x0(x0 − 1)![
x0−1
p
]
!p[(x0−1)/p]
×
[
2x0−1
p
]
!p[(2x0−1)/p]
(−1)2x0(2x0 − 1)!
}2
(mod p)
≡
{ (x0 − 1)![
x0−1
p
]
!
×
[
2x0−1
p
]
!
(2x0 − 1)!
}2
(mod p).
In a special case where 2x0 < p+ 1, the above quantity is same as
{
1
(2x0−1)···(x0−2)
}2
(mod p). 
If the order of χ˜ is even and that divides p + 1, then we also get the same result as part (1) of
Theorem 3.4 using the Stickelberger’s theorem, which shows the consistency of our result. We now prove
Theorem 3.5.
Proof. We split the proof into two cases. First assume that m is odd. We now consider primes p ≡ 1
(mod 4). Using Stickelberger’s theorem [14, Theorem 5.16], we have G(χ˜, φ˜) = p. Since χ˜′p has order 2,
the order of χ˜χ˜′p is 2m. Write p = 4k+1 for some k ∈ N. Thus, we obtain that (p+1)/2m = (2k+1)/m
is odd. Hence, by the same theorem we have G(χ˜χ˜′p, φ˜) = −p, as required. When p ≡ 3 (mod 4) with
m odd, we cannot apply the Stickelberger’s theorem to find G(χ˜χ˜′p, φ˜) as the quantity (p+1)/2m is not
odd.
Next we deal with the case where m is even. Thus, the order of χ˜χ˜′p is m. For primes p ≡ 1
(mod 4), we have (p + 1)/m = 2(2k + 1)/m is odd. Hence, by Stickelberger’s theorem we obtain that
G(χ˜, φ˜) = G(χ˜χ˜′p, φ˜) = −p, as desired. In a similar way we can show that εp = 1, when p ≡ 3 (mod 4)
with (p+ 1)/m odd. 
5.1.2. The case K|Qp ramified. As p is odd, the possibilities for K are Qp(√−p) and Qp(
√−pζp−1)
depending on (p,K|Qp) = 1 or −1 respectively. We can choose π = √−p or
√−pζp−1 as a uniformizer
of K and write K = Qp(π).
Since K|Qp is ramified quadratic, we have NK|Qp(O×K) = Z×2p . In this case, we have χ′p|O×
K
= 1 (i.
e., χ′p is unramified). Choose an additive character φ of conductor 0 and a normalized Haar measure
dx. Since K|Qp is ramified, the conductor of φK = φ ◦ TrK|Qp is 1 [cf. Lemma 5.3]. We now prove
Theorem 3.3 in the ramified case.
Proof. Since χ′p is unramified, using the property (2) of local ε-factors, we get that
ε(χχ′p, φK , dx) = χp(NK|Qp(π))
a(χ)+1 · ε(χ, φK , dx).(5.6)
If the conductor of χ is odd we get that the number εp = 1. So assume that a(χ) is even. The epsilon
factor is thus given by the quantity:
εp = χp(NK|Qp(π)) =
(N(π)/p
p
)
.(5.7)
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Since NK|Qp(π) = −π2, we obtain that εp =
(
−pi2/p
p
)
. Therefore when p is odd, we deduce that:
(5.8) εp =

(
1
p
)
= 1, if (p,K|Qp) = 1,(
ζp−1
p
)
=
(
−1
p
)
, if (p,K|Qp) = −1.

Let ε(f) be the global ε-factor associated to f and εp(f) be its p-part. For the character χp defined
before, the newform twisted by χp is denoted by f ⊗χp. Then we have the following classification of the
local data of a newform.
Corollary 5.8. Let πp = πf,p be the local component at p of a p-minimal newform f . We have
(1) πp is Steinberg if Np = 1 and Cp = 0.
(2) πp is principal series if Np ≥ 1 with Np = Cp.
(3) If πp is not of the above type, then it is supercuspidal. In this case, we have Np > Cp. For odd
p, it is always induced by a quadratic extension K|Qp. If Np ≥ 2 is even, then K is the unique
unramified quadratic extension of Qp. In the case of Np ≥ 3 odd with p ≡ 3 (mod 4), we have
(a) K = Qp(
√−p) if ε(f ⊗ χp) = χp(N ′)ε(f).
(b) K = Qp(
√−pζp−1) if ε(f ⊗ χp) = −χp(N ′)ε(f).
The same cannot be concluded, when p ≡ 1 (mod 4).
Proof. Depending upon Np and Cp, the local component at p of a newform has been classified in [15,
prop. 2.8]. We just need to prove the relation ε(f ⊗ χp) = χp(N ′)ε(f)εp to complete the proof. Note
that the number εq(p 6= q) is determined by εq =
(
q
p
)Nq
[16, Theorem 3.2, part (1)], where Nq denote
the exact power of q that divides N . By hypothesis, we have εp(f ⊗ χp) = εp(f)εp. Running over all
primes p, we get that ε(f ⊗ χp) = ε(f)
∏
p εp = ε(f)εp
∏
q 6=p,q|N
(
qNq
p
)
= χp(N
′)ε(f)εp. 
Remark 5.9. The classification of the local data at p of a newform determined by Np and Cp does
not distinguish the quadratic extensions of Qp, the local component πp at p is induced from in the
supercuspidal case. The above corollary does that in terms of the variation of ε-factor of f .
5.2. The case p = 2. For p = 2, more representations of the Weil group are involved and it can be
non-dihedral. When inertia acts reducibly, the local representation ρ2(f) is dihedral; otherwise it has
projective image isomorphic to one of three “exceptional” groups A4, S4 or A5. The A5 case cannot occur
since the Galois group Gal(Q2|Q2) is solvable. Weil proved in [23] that over Q, the A4 case also does not
occur, so S4 is the only possibility of the projective image of ρ2(f). In this case, the corresponding field
extension of Q2 is obtained by adjoining the coordinates of the 3-torsion points of the following elliptic
curves [17, Section 6]:
E
(r)
+ : rY
2 = X3 + 3X + 2 and E
(r)
− : rY
2 = X3 − 3X + 2 with r ∈ {±1,±2}.
In local cit., the 2-adic valuation of the level of the modular form is given as follows: 7 for the curve Er+
with r as above, 3 for the curve E
(−1)
− , 4 for the curve E
(1)
− and 6 when the curve is E
(±2)
− . Hence, if
p = 2 is a non-dihedral supercuspidal prime, then we have N2 ∈ {3, 4, 6, 7}.
From above we see that non-dihedral supercuspidal case can occur only in 8 cases. In all such cases
local root number can be computed and it can be found in [16, Remark 11] and [10, Remark 22].
From now on we assume that p = 2 is a dihedral supercuspidal prime. In this case, the representation
ρ2(f) is induced from a quadratic extension K|Q2. Note that there are seven quadratic extensions
Q2(
√
t) of Q2 with t = −3,−1, 3, 2,−2, 6,−6. Among them Q2(
√−3) is unramified and rest of them
are ramified. Among ramified extensions, two of them (corresponding to t = −1, 3) have discriminant
with valuation 2 and rest of them have discriminant with valuation 3. Let d denote the valuation of the
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discriminant of K|Q2. Thus, we have d ∈ {2, 3}. Here, π =
√
t is the uniformizer of K and we write
K = Q2(π). The following is the analogue of Proposition 5.4 for p = 2.
Proposition 5.10. Let p = 2 be a dihedral supercuspidal prime.
(1) If K is unramified, then N2 is even.
(2) Assume that K|Q2 is ramified with l(χ) ≥ d. We have N2 is odd if χ is minimal; otherwise N2
is even.
Proof. The relation (5.1) for p = 2 gives us that
N2 =

2a(χ), if K|Q2 is unramified,
2 + a(χ), if K|Q2 is ramified with valuation 2,
3 + a(χ), if K|Q2 is ramified with valuation 3.
(5.9)
Thus, N2 is even when K is unramified.
In the ramified case, we first assume that χ is minimal. Using [6, §41.4 Lemma], we have l(χ) ≥ d− 1.
Moreover, if l(χ) ≥ d, then applying same lemma we get l(χ) 6≡ d − 1 (mod 2). If d = 2, then we
conclude that l(χ) is even and so a(χ) = l(χ) + 1 is odd. When d = 3, we conclude that l(χ) is odd and
so a(χ) = l(χ) + 1 is even.
We now prove that if χ is not minimal, then N2 is even. To prove that, consider a non-minimal
character χ. As usual, we write χ = θKχ
′ [6, Section 41.4] with θ a character of Q×2 and χ
′ minimal
over Q2. As in the proof of Proposition 5.4, we deduce that a(χ
′) < a(χ) and a(θ) ≥ 1. Observe that
a(χ) = a(θK) This follows from a(χ) = a(χ
′θK) ≤ max(a(χ′), a(θK)) with equality if a(χ′) 6= a(θK).
Since K is wildly ramified, ωK|Q2 has conductor d [6, Section 41.3], we conclude that a(ωK|Q2) = 2 or
3. Consider first the case d = 2. If a(θ) ≤ d = 2, then by Lemma 5.3, we have a(θK) ≤ a(θ) ≤ 2. Since
χ′ is minimal over Q2, we obtain that l(χ
′) ≥ d− 1 [6, §41.4 Lemma].
Let us first assume l(χ′) = d − 1 = 1. We then have a(χ′) = 2. Both a(χ′) = 2 and a(θ) ≤ 2 (i.e,
a(θK) ≤ 2) cannot occur simultaneously as it will contradict the fact a(χ′) < a(χ) = a(χ′θK). Hence,
we conclude that a(θ) > 2.
We now assume that l(χ′) ≥ d = 2. As above, the minimality of χ′ gives us that l(χ′) ≥ 2 is
even and so a(χ′) ≥ 3 is odd. In this case, if a(θ) ≤ 2, that is, a(θK) ≤ 2, then we obtain that
a(χ) = a(χ′θK) = a(χ
′) as a(χ′) ≥ 3, contradicts the non-minimality of χ. Hence, in this case also
a(θ) > 2.
In both cases we obtain a(θ) > 2 = a(ωK|Q2) so that a(θωK|Q2) = a(θ). By Lemma 5.3, we get that
a(θK) = a(θ) + a(θωK|Qp)− a(ωK|Qp) = 2(a(θ)− 1) and so a(χ) = a(θK) is even. From equation 5.9, we
conclude that if χ is non-minimal then N2 is even.
When d = 3, we can prove similarly that a(θK) = 2a(θ)− 3 and hence a(χ) = a(θK) is odd. 
We now prove Theorem 3.3 and Theorem 3.5 for p = 2.
Proof. The part (1) of Theorem 3.3 is valid for the unramified supercuspidal prime p = 2 also. Thus,
we have ε2 = 1, when a(χ) > 1. When a(χ) = 1, note that χ˜ is a character of F
×
22 of order 3. Since
χ˜2 has order 2, the order of χ˜χ˜2 is also 3. Using Stickelberger’s theorem [14, Theorem 5.16], we have
G(χ˜, φ˜) = G(χ˜χ˜2, φ˜) = 2 and hence ε2 = 1, completing the proof of Theorem 3.5 for p = 2.
We now prove Theorem 3.3 in the ramified case. By proposition above we see that if χ is minimal,
then a(χ) is odd, when d = 2, and it is even, when d = 3. If χ is not minimal, then a(χ) is even, when
d = 2, and it is odd, when d = 3. As odd primes [cf. Equations 5.6 and 5.7], we have ε2 = 1, if a(χ) is
odd; otherwise we get ε2 = χ2(NK|Q2(π)). Hence, we get the number ε2 as in (3.5). 
As before [cf. Corollary 5.8], the type of the local component πf,2 can be classified by N2 and
C2 ( with N2 ∈ {3, 4, 6, 7} in the non-dihedral supercuspidal case). We now classify the quadratic
extensions K|Q2, the local component πf,2 is induced from in the dihedral supercuspidal case. Note
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that Q has three quadratic extensions ramified only at 2 (having absolute discriminant a power of 2),
namely Q(i),Q(
√
2) and Q(
√−2). Their corresponding quadratic extensions will be denoted by χ−1, χ2
and χ−2 respectively. Let χ be the quadratic character associated by class field theory to any of these
characters χi for i = −1, 2,−2. Using [16, Theorem 4.2, part (1)], we have the following two relations
as odd primes [cf. Corollary 5.8]:
I. ε(f ⊗ χ) = χ(N ′)ε(f), if ε2 = 1,
II. ε(f ⊗ χ) = −χ(N ′)ε(f), if ε2 = −1.
Corollary 5.11. Let p = 2 be a dihedral supercuspidal prime for f . Then πf,2 is always induced by
a quadratic extension K|Q2. If f is 2-minimal and N2 ≥ 2 is even, then K is the unique unramified
quadratic extension of Q2. In the ramified case, we have the following classifications of K:
Classification of K for p = 2
p-minimality of f K = Q2(
√
t) Property
Yes
t = −1,−2, 2, 3 I
t = −6, 6 II
No
t = −1,−2, 2,−6, 6 I
t = 3 II
Remark 5.12. If f is not 2-minimal, then we cannot distinguish whether the extension K|Q2 is unram-
ified or ramified (since N2 is even in both cases). When f is a 2-minimal newform, the extension K|Q2
can be distinguished by the parity of N2 (K is unramified if N2 is even and K is ramified if N2 is odd).
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